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Abstract: We analyse the late time cosmology and the gravitational properties of doubly
coupled bigravity in the constrained vielbein formalism (equivalent to the metric formalism)
when the mass of the massive graviton is of the order of the present Hubble rate. We focus on
one of the two branches of background cosmology where the ratio between the scale factors
of the two metrics is algebraically determined. We find that the late time physics depends on
the mass of the graviton, which dictates the future asymptotic cosmological constant. The
Universe evolves from a matter dominated epoch to a dark energy dominated era where the
equation of state of dark energy can always be made close to -1 now by appropriately tuning
the graviton mass. We also analyse the perturbative spectrum of the theory in the quasi-
static approximation, well below the strong coupling scale where no instability is present,
and we show that there are five scalar degrees of freedom, two vectors and two gravitons. In
Minkowski space, where the four Newtonian potentials vanish, the theory manifestly reduces
to one massive and one massless graviton. In a cosmological FRW background for both
metrics, four of the five scalars are Newtonian potentials which lead to a modification of
gravity on large scales. The fifth one gives rise to a ghost which decouples from pressure-less
matter in the quasi-static approximation. In this scalar sector, gravity is modified with effects
on both the growth of structure and the lensing potential. In particular, we find that the Σ
parameter governing the Poisson equation of the weak lensing potential can differ from one
in the recent past of the Universe. Overall, the nature of the modification of gravity at low
energy, which reveals itself in the growth of structure and the lensing potential, is intrinsically
dependent on the couplings to matter and the potential term of the vielbeins. We also find
that the time variation of Newton’s constant in the Jordan frame can easily satisfy the bound
from solar system tests of gravity. Finally we show that the two gravitons present in the
spectrum have a non-trivial mass matrix whose origin follows from the potential term of
bigravity. This mixing leads to gravitational birefringence.
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1 Introduction
The late time acceleration of the expansion of the Universe could be linked to a modification
of gravity on large scales [1]. In fact, dark energy, i.e. the presence of a new form of matter
leading to the acceleration of the expansion [2], and modified gravity, i.e. a change in the
gravitational dynamics compared to General Relativity (GR), are not mutually exclusive [3]
and many models lead to both phenomena. This is certainly true of all the screened models
of modified gravity [4] such as f(R) theories [5] in the large curvature limit, K-mouflage
[6] or Galileons [7], which display either the chameleon [8], K-mouflage or Vainshtein [9]
screening mechanisms. In all these models, a scalar field is singled out and its role is to
induce changes to both the background cosmology and the growth of structure compared to
the Λ-CDM template. Sometimes, as for f(R) models, the difference only really shows up
at the perturbative level [10]. Other times, for K-mouflage [11] and Galileons [12], both the
background and perturbative properties of the models differ from Λ-CDM.
Another and maybe more fundamental approach has been pursued in the last few years
and consists in analysing the behaviour of consistent field theories going beyond GR. A
particularly relevant example is ghost-free massive gravity [13–15], a “bimetric” theory which
involves a single dynamic metric and another passive one. In ghost-free massive bigravity
[16, 17], the second metric is promoted to a dynamical variable while matter minimally
couples to one of the two metrics only. Consistent extensions1 of these bigravity theories with
non-derivative matter couplings that involve both metrics have been found in [18–20]. 2
All these approaches are frequently plagued with instabilities and/or inconsistencies and
incompatibilities with observations, both at the background and perturbative levels. For
massive gravity, it has proved impossible to find consistent and flat FRW background solutions
[23] (although solutions which approximate such FRW backgrounds to great accuracy exist).
In the singly coupled bigravity case, this obstacle can be overcome [24–26], while perturbations
in the scalar, vector and tensor sectors can show power law or exponential instabilities [27–34].
Finally, in doubly coupled bigravity models as we are considering here, there are two branches
of viable background solutions [35, 36] and the perturbative properties of these models have
been partially explored in [37, 38], with results suggesting that they might be improved with
respect to the singly coupled case. Note that the couplings of [18, 19], upon freezing one of the
metrics/vielbeins, also straightforwardly give rise to new massive gravity (i.e. non-bigravity)
couplings, whose features we will discuss further separately in [39].
In this paper, we will use the constrained vielbein formulation of bigravity doubly coupled
to matter. The constraint ensures that our theory here is equivalent to the metric formula-
tion, whereas in general the unconstrained vielbein [19] and metric [18] “formulations” are
1To be explicit, we take “consistent” to mean that the theory has a low-energy limit with non-trivial (non-
linear and in our case typically irrelevant) interactions that is ghost-free. Whether requiring ghost-freedom
beyond this limit/energy scale is a physically meaningful criterion depends on whether one is willing to trust
a theory beyond the regime where perturbative unitarity is lost.
2For a discussion of extensions involving derivative matter couplings see [21, 22].
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not equivalent [19, 20, 40, 41]. Here we will therefore explicitly enforce the symmetric viel-
bein condition [42] from the start, which does ensure that the two formulations of bigravity
are equivalent [43] (and which is in fact dynamically enforced, without the need for an ex-
plicit constraint, in the low-energy/decoupling limit of these theories [20, 41]). Note that, in
general and beyond the decoupling limit, when not working with constrained vielbeins from
the start, it is known that in the doubly coupled case and in the vielbein formulation, the
symmetric condition cannot always be imposed consistently afterwards [40]. In this paper
we will therefore use constrained vielbeins satisfying the symmetric condition when we study
the dynamics of the theory, and couple matter to the Jordan metric built out of a linear
combination of constrained vielbeins.
We will be mostly preoccupied with late time properties in the late radiation, matter
and dark energy eras at the background and scalar perturbation levels. Focusing mostly on
the late-time properties of the theory is partially motivated by the very low strong coupling
scale Λ3 = (mPlm
2)1/3 of the model. Above this scale loop corrections cannot be ignored
and blindly trusting the tree-level calculation becomes a significant leap of faith3. Therefore
the low-energy phenomenology of the theory in a sense provides the most conservative and
robust observational test bed for the theory. In other words, if there is at least some regime
where the theory is in fact realised in nature, it has to be this one, whereas at higher energies
the precise predictions of the theory should rely heavily on its UV completion. As such,
investigating our theory in the late universe/low energy regime is of intrinsic interest.
We consider the cosmology and gravitational properties of doubly coupled bigravity below
the strong coupling scale Λ3. When the graviton mass of order m is taken to be similar to
the Hubble rate now H0 ∼ 10−42 GeV, the strong coupling scale is Λ3 ∼ 10−22 GeV. This
implies that we only consider scales larger than Λ−13 ∼ 1000 km, which allows one to study
gravitational properties of planetary orbits in the solar system for instance. Cosmologically
we are only describing the eras for which H . Λ3 which corresponds to redshifts z . 1011,
i.e. from the time of Big Bang Nucleosynthesis to now. In practice we will restrict ourselves
to the study of the late radiation, matter and dark energy eras. Numerically we will set the
initial conditions at the matter-radiation equality. At the background cosmological level we
retrieve the known result that two branches of solutions exist [35–38] in the presence of a
perfect fluid and we focus on the branch where the two scale factors and the lapse functions
are directly related. In this formulation, the matter-radiation eras are followed by a dark
energy epoch whose characteristics depend on the graviton mass and the coefficients of the
vielbein’s potential term. In these eras and in the Jordan frame, the scalar perturbations of
the metric can be described by two Poisson equations for the Newtonian potentials of the
Jordan frame metric. After normalising Newton’s constant to local gravitational tests – which
can be easily satisfied for distances much smaller than the graviton’s Compton wavelength,
3Note that this scale depends on the background and it has recently been suggested that, for (approxi-
mately Lorentz-invariant) backgrounds different from the precisely Lorentz-invariant Minkowski background
considered here, the strong coupling scale could potentially be raised from Λ3 up to Λ = (mmPl)
1/2 where
m mPl [44].
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i.e. standard gravity is retrieved at short distance with no need for a screening mechanism,
when the two couplings to matter are present 4 – we find that cosmological perturbations
deviate from Λ-CDM provided the ratio of the two lapse functions differs in the matter era
and the dark energy one. As a result, the background evolution, the growth of structure and
the lensing properties of the models deviate from Λ-CDM at late times even though one can
tune the graviton mass in order to fix the dark energy scale today.
We also come back to the general issue of cosmological perturbations in bigravity. For
this we analyse the scalar, vector and tensor perturbations when imposing the symmetric
conditions. We find that there are only 14 physical degrees of freedom: 6 scalars, 2 divergence-
less vectors and 2 traceless transverse tensors. The six scalar modes comprise four Newtonian
potentials and two extra scalars. In the quasi-static approximation, which befits late-time
cosmology and local physics in the presence of static sources, the number of physical scalars
reduces to five comprising four Newtonian potentials. The fifth scalar has a higher order
action in derivatives and can be described by two second-order scalar fields, one of them being
a ghost. In a FRW background, the four Newtonian potentials lead to late time modified
gravity, which we have already described. We also find that the two vector fields do not receive
potential terms. One decays at late time whilst the other one decouples from matter and can
be set to be vanishing in the quasi-static approximation. In a Minkowski background, the
two gravitons manifestly become one massive and one massless ones. In an FRW background,
the two gravitons mix and give rive to gravitational birefringence.
The paper is arranged as follows. In section 2, we derive the Einstein equations and
analyse their solutions in the FRW case. We retrieve the existence of two branches from
the compatibility of the Friedmann equations and the Raychaudhuri equations. In section 3,
we consider scalar perturbations and find that in the quasi-static approximation they reduce
to four Newtonian potentials. We then analyse the Poisson equations for the Newtonian
potentials in the Jordan frame and define the parameters η, µ and Σ which characterise the
deviations of cosmological perturbations from GR. We also analyse the vector and tensor
perturbations in the quasi-static approximation. In section 5, we consider the background
cosmology in the matter-radiation and dark energy eras and the instabilities in the radiation
era. In section 5, we focus on the local dynamics in Minkowski space around overdensities
with small Newtonian potentials. We find that GR is retrieved in this limit and this allows us
to identify the local Newton constant. In section 6, we explore two typical models where the
coupling constants differ (model I) or the coefficients of the vielbein potential are different
(model II) and we solve the background equations of motion in this case. This allows us to
discuss the deviation of the Hubble rate from its Λ-CDM counterpart, and the evolution of
the parameters η, µ and Σ with the redshift. In particular we find that gravity is not modified
deep in the matter era and in the future dark energy era. As such, when the quasi-static
approximation applies, gravity is only altered transiently between the matter and dark energy
4Were it that one coupling should disappear, i.e. in the limit where our double coupling reduces back to
the minimally singly coupled case, this result would not hold.
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eras. Finally we have added an appendix on cosmological perturbations.
2 Bigravity
2.1 Einstein’s equations
We consider massive bigravity models coupled to matter in the constrained vielbein formalism
for energy scales below the strong coupling limit Λ3 (note that this is different from the
Vainshtein scale). This will allow us to study gravitational properties of planetary orbits in
the solar system and cosmology after Big Bang Nucleosynthesis5. This uses two constrained
vielbeins ea1µ and e
a
2µ which couple to matter with couplings β1,2 respectively. Although we will
use the two vielbeins throughout the paper, this formulation of bigravity is equivalent to the
metric one where the two metrics built from the two vielbeins are taken as the fundamental
degrees of freedom. The equivalence between the two presentations is guaranteed by the
symmetric condition (2.4).
The action comprises three very distinct parts. The first one is simply the Einstein-
Hilbert terms
SG =
∫
d4x e1
R1
16piGN
+
∫
d4x e2
R2
16piGN
(2.1)
where R1,2 are the Ricci scalars built from the respective vielbeins, and e1,2 are the determi-
nants of the vielbeins viewed as 4 × 4 matrices. Matter fields ψi are (minimally) coupled to
the Jordan metric built from the local frame [19]
eaµ = β1e
a
1µ + β2e
a
1µ (2.2)
where a is a local Lorentz index and µ the global coordinate index associated with the one
forms ea = eaµdx
µ. The matter action effectively consists of the coupling of the matter fields
ψi to the Jordan metric gµν
Sm(ψi, gµν) (2.3)
which is defined below. The matter action breaks the two copies of diffeomorphism and
local Lorentz invariances which are preserved by the Einstein-Hilbert terms. The individual
vielbeins eaαµ, α = 1, 2, are constrained to satisfy the symmetric condition
ea1µe
b
2νηab = e
a
1νe
b
2µηab. (2.4)
This ensures the equivalence with doubly coupled bigravity in the metric formulation. Mas-
sive bigravity also involves a potential term [16, 17, 45]
SV = Λ
4
∑
ijkl
mijkl
∫
d4x abcd
µνρσeaiµe
b
jνe
c
kρe
d
lσ (2.5)
where
Λ4 = m2m2Pl (2.6)
5 Deep inside the solar system on scales r . 1000 km our results would certainly need to be altered.
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and m is related to the graviton mass while the dimensionless and fully symmetric tensor
mijkl involves five real coupling constants, which are all of order one as long as we adopt an
effective field theory perspective. Note that our Λ corresponds to what is frequently denoted
as Λ2 in the literature. We have written the potential term as a function of the two vielbeins.
The symmetric conditions (2.4) allows one to rewrite SV as a function of the two metrics built
from the two vielbeins. The two metrics are
gαµν = ηabe
a
αµe
b
αν , α = 1, 2 (2.7)
and the corresponding Jordan metric
gµν = ηabe
a
µe
b
ν (2.8)
which is explicitly related to the gαµν ’s by
gµν = β
2
1g
1
µν + β1β2Yµν + β
2
2g
2
µν (2.9)
where we have defined the symmetric tensor
Yµν = ηab(e
a
1µe
b
2ν + e
a
2µe
b
1ν), (2.10)
which can also be expressed as the square root of the ratio between the two metrics[18]. The
overall result is that the full action can be expressed, albeit in a complex way, as a function
of the two metrics gαµν , α = 1, 2, solely.
The Einstein equations can then be obtained by varying the action with respect to the
two metrics and can be written formally as
G1µν = 8piGN (T
1
µν + T 1µν) (2.11)
and
G2µν = 8piGN (T
2
µν + T 2µν) (2.12)
where we have introduced the tensors
Tαµν = −
2
eα
δSm
δgµνα
, T αµν = −
2
eα
δSV
δgµνα
. (2.13)
Here α is a label index running from 1 to 2, denoting fields corresponding to the two met-
rics/vielbeins, and eα is shorthand for the determinant of the corresponding vielbein. For ease
of computation, in the following we use the Einstein equations obtained after a variation of
the action with respect to the vielbeins and not the metrics, at the background cosmological
level only, where the two versions are equivalent. They explicitly read
G1µν = 8piGNβ1
e
e1
(
β1
2
(Tµλg1λν + g
1
νλT
λµ) +
β2
4
(TµρYρν +YνρT
ρµ)) + 32piGNΛ
4E
1µ
a
e1
ea1ν (2.14)
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and
G2µν = 8piGNβ2
e
e2
(
β2
2
(Tµλg2λν + g
2
νλT
λµ) +
β1
4
(TµρYρν +YνρT
ρµ)) + 32piGNΛ
4E
2µ
a
e2
ea2ν (2.15)
where we have used the symmetric vielbein condition explicitly. We only make use of these
equations in the background cosmological case where all the tensors are diagonal. In the
general case, e.g. for cosmological perturbations, these equations are not consistent as their
antisymmetric parts are not guaranteed to vanish. In the background cosmological case, we
will explicitly verify that the background solutions obtained with (2.14) and (2.15) coincide
with the ones obtained from the variation of the action with respect to the metrics. For the
linear cosmological perturbations, we will use a more direct route and find the second order
Lagrangian in each case explicitly and then derive the linear equations. We have conveniently
defined the duals
Eiaµ = 
µνρσabcdm
ijklebjνe
c
kρe
d
lσ (2.16)
and the Jordan frame energy-momentum tensor
Tµν = −2
e
δSm
δgµν
(2.17)
which is obtained by varying the matter action with respect to the Jordan metric, i.e. not
with respect to the two metrics gαµν . This tensor plays a crucial role in the following.
2.2 Cosmological background
The previous Einstein equations at the background cosmological level can be specialised by
choosing the cosmological ansatz for the metrics
ds21 = a
2
1(−N1dτ2 + dx2) (2.18)
and
ds22 = a
2
2(−N2dτ2 + dx2) (2.19)
where the two lapse functions N1,2 and the two scale factors a1,2 differ.
6 We can always
change to a unique conformal time by putting dη = N1dτ and introducing the ratio b
2 = N2N1
so that
ds21 = a
2
1(−dη2 + dx2) (2.20)
and
ds22 = a
2
2(−b2dη2 + dx2) (2.21)
where the ratio between the lapse functions b2 plays a crucial role in the modification of
gravity induced by the bigravity models. We consider the coupling of bigravity to a perfect
fluid defined by the energy-momentum tensor
Tµν = (ρ+ p)uµuν + pgµν (2.22)
6This cosmological, FRW-like, ansatz is essentially the same as a mini-superspace ansatz.
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where the 4-vector uµ is
uµ =
dxµ
dτJ
(2.23)
and the proper time in the Jordan frame is simply
dτ2J = −gµνdxµdxν . (2.24)
We first consider the frame in which matter is at rest implying that
T ≡ gµνTµν = (−ρ+ 3p) (2.25)
and ui = 0 at the cosmological background level, i.e. g00(u
0)2 = −1 and therefore
T 00 = −g00ρ. (2.26)
Using the fact that
ds2 = −(β1a1 + β2ba2)2dη2 + (β1a1 + β2a2)2dx2 (2.27)
we can identify the Jordan frame scale factor
aJ = β1a1 + β2a2 (2.28)
and the conformal times
dη1 = dη, dη2 = bdη (2.29)
when the Jordan conformal time is
dηJ =
β1a1 + β2ba2
β1a1 + β2a2
dη. (2.30)
Matter is conserved in the Jordan frame, as follows from the residual diffeomorphism in-
variance (associated with diffeomorphisms of the Jordan frame metric) of the matter action,
implying that
dρ
dηJ
+ 3aJHJ(ρ+ p) = 0 (2.31)
where the Jordan frame Hubble rate is identified with
HJ ≡ daJ
a2JdηJ
≡ HJ
aJ
=
1
(β1a1 + β2ba2)aJ
(β1a
2
1H1 + β2a
2
2H2) (2.32)
and we have introduced the two Hubble rates
H1 =
da1
a21dη1
≡ da1
a21dη
, H2 =
da2
a22dη
. (2.33)
When the equation of state ω = pρ of the matter fluid is constant, we have that
ρ =
ρ0
a
3(1+ω)
J
(2.34)
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where ρ0 will be identified below. We will also need the determinants
e1 = a
4
1, e2 = ba
4
2, e = (β1a1 + β2ba2)(β1a1 + β2a2)
3 (2.35)
while we have the components of the vielbeins
e010 = a1, e
i
1j = a1δ
i
j , e
0
20 = a2b, e
i
2j = a2δ
i
j . (2.36)
The (00) component of Einstein’s equations gives that
G100 = −8piGNβ1
a3J
a31
ρ− 24× 8piGNΛ4a1
e1
m1jklajakal. (2.37)
where we have used Y00 = −2 ba1a2 and E100 = −6a1m1jklajakal as 0abc0abc = −6. Using
G100 = −3H21 , we get the Friedmann equation
3H21m
2
Pl = β1
a3J
a31
ρ+ 24Λ4m1jkl
ajakal
a31
. (2.38)
Similarly we find that
3H22m
2
Pl
b2
= β2
a3J
a32
ρ+ 24Λ4m2jkl
ajakal
a32
. (2.39)
We can also write the spatial components of the Einstein equations
G1uv = 8piGNβ1
e
e1
β1a
2
1 + β2a1a2
a2J
pδuv + 8piGN × 24Λ4m1jkl
a˜jakal
a31
δuv (2.40)
where we have used Yuv = 2a1a2δuv and E
1u
v = −6m1jkla1a˜jakalδuv . We have defined
a˜1 = a1, a˜2 = ba2. (2.41)
Now we have
G1uv = (H
2
1 − 2
1
a31
d2a1
dη21
)δuv (2.42)
implying the Raychaudhury equation
2m2Pl
1
a31
d2a1
dη2
= m2PlH
2
1 − β1
e
e1
β1a
2
1 + β2a1a2
a2J
p+ 24Λ4m1jkl
a˜jakal
a31
(2.43)
and similarly
2m2Pl
1
a32
d2a2
dη22
= m2Pl
H22
b2
− β2 e
e2
β2a
2
2 + β1a1a2
a2J
p+ 24Λ4m2jkl
a˜jakal
ba32
. (2.44)
This implies the following differential equation for b
2
H2m
2
Pl
a2
d ln b
dη
= 2m2Pl
1
a32
d2a2
dη2
−H22m2Pl +β2b2
e
e2
β2a
2
2 + β1a1a2
a2J
p−24Λ4m2jklb. a˜jakal
a32
. (2.45)
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This closes the system of equations describing the background cosmology of bigravity in FRW
spaces when matter is a perfect fluid. Using the identity
1
a32
d2a2
dη2
=
1
a2
dH2
dη
+ 2H22 (2.46)
we finally find that
H2m
2
Pl
a2
d ln b
dη
=
m2Pl
a2
dH2
dη
+
β2b
2
2
e
e2
(
ba2
aJ
ρ+
β2a
2
2 + β1a1a2
a2J
p)
+12Λ4bm2jkl
(baj − a˜j)akal
a32
.
(2.47)
We will analyse these equations below.
2.3 The Bianchi identity
Conservation of matter in the Jordan frame is ensured by the residual diffeomorphism in-
variance of the matter action (i.e. invariance of the matter action under diffeomorphisms
acting on the Jordan metric, but not under separate diffeomorphisms for the two metrics)
and implies that
DµT
µν = 0 (2.48)
where Dµ is the covariant derivative associated to the Jordan frame metric. We will not use
the explicit form of the conservation equation. On the other hand, we will check directly that
the two Friedmann equations (2.38) and (2.39) are compatible with the two Raychaudhuri
equations (2.43) and (2.44). This can be verified by directly taking the derivatives of the
Friedmann equations with respect to η1 and η2 respectively. Using the first Friedmann and
Raychaudhuri equations for instance, we find that they are compatible provided
(1− a2H2
ba1H1
)(24Λ4m12kl
akal
a3J
− β1β2p) = 0. (2.49)
This implies that the solutions exist on two different branches where either
24Λ4m12kl
akal
a3J
= β1β2p (2.50)
or
b =
a2H2
a1H1
. (2.51)
It can be explicitly checked that the second Raychaudhuri equation (2.44) is also compatible
with the second Friedmann equation (2.39) when the conditions (2.51, 2.50) are satisfied.
Hence we retrieve the fact that the background cosmology has two branches of solutions. In
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this paper, we will exclusively focus on the second branch (2.51).7 When the condition (2.51)
is applied, we find that the ratio between the scale factors X = a2a1 is algebraically determined
by the time-dependent equation
X =
β2 +
24Λ4
ρ0
(β1 + β2X)
3ωm2jklajakal
β1 +
24Λ4
ρ0
(β1 + β2X)3ωm1jklajakal
(2.52)
for which one can obtain two asymptotical regimes. When dark energy is negligible, i.e. in
the radiation and matter eras, we have that
X → Xm = β2
β1
(2.53)
and in the asymptotic future when dark energy dominates we have that
X → Xd (2.54)
where
Xd =
m2jklajakal
m1jklajakal
. (2.55)
We will come back to these eras when we describe the cosmological evolution of the model.
In particular, we shall focus on the crucial role played by b in these models.
3 Scalar Cosmological perturbations
3.1 The GR case
We are interested in linear cosmological perturbations around a flat cosmological background
that we write in conformal coordinates. We will work with vielbeins as this is the formulation
which will be extended to the bigravity case. Under a change of coordinates xµ → xµ + ξµ,
the vielbeins transform as
eaµ → eaµ − ∂µξνeaν (3.1)
and this can be used to reduce the number of degrees of freedom. At the background level
we have
e¯aµ = aδ
a
µ (3.2)
and we consider the most general scalar perturbations
δe00 = aΦ, δe
i
j = −aΨδij + a∂i∂jU (3.3)
where the spatial index of the spatial derivative is raised with δij , i.e. ∂i = δij∂j and
δei0 = −a∂iW, δe0i = −a∂iV (3.4)
7There is an unfortunate clash of naming conventions for the two branches in the literature: The branch
we consider in this paper is referred to as branch II in [36, 37], but as branch I in [38]. The labels for branch
I and II are therefore reversed between those sets of papers.
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Figure 1. The variation of a2/a1 as a function of redshift aJ from aini = 10
−4 with models I (left
panel) and model II (right panel) as described in sections 6.2.1 and 6.2.2. One can easily see that X
goes from Xm to Xd between the matter era and the dark energy future.
Figure 2. The variation of HJ/HLCDM− 1 as a function of redshift aJ from aini = 10−4 with model I
(left panel) and model II (right panel). The value of the coefficient c (6.8) has been adjusted to have
coincidence with Λ-CDM now. The asymptotic difference between the cosmological constant and the
one of Λ-CDM is due to c 6= 1.
comprising 5 degrees of freedom. Using the fact that δgµν = ηab(e¯
a
µδe
b
ν + δe
a
µe¯
b
ν) = a(ηµbδe
b
ν +
ηaνδe
a
µ), we find explicitly that
δg00 = −2a2Φ, δgij = a2(−2Ψδij + ∂i∂jU) (3.5)
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and
δg0i = δgi0 = a
2∂i(V −W ). (3.6)
As a result only (V −W ) is a degree of freedom and we can choose W = 0 to simplify the
analysis. This implies that our ansatz now reads
δe00 = aΦ, δe
i
j = −aΨδij + a∂i∂jU, δe0i = −a∂iV, δei0 = 0 (3.7)
as a function of the four scalar degrees of freedom (Φ,Ψ, U, V ).
We can use two gauge transformations with
ξ0 = −V, ξi = ∂iU (3.8)
to gauge away the U and V scalars. Notice that this transformation would induce a variation
of ei0 of the form a∂
i∂0U and of e
0
0 like a∂0V . We use the fact that we are only interested
in the quasi-static regime where spatial derivatives dominate over time derivatives which are
neglected in this regime. This condition is realised in the sub-horizon limit of cosmological
perturbations where one studies perturbations on scales much smaller than the cosmological
horizon, i.e. we only consider perturbations for which k/a H. As a result we find that the
metric can be put in the conformal Newton gauge
ds2 = a2(−(1 + 2Φ)dη2 + (1− 2Ψ)dx2) (3.9)
and the Lagrangian comprising both the Einstein-Hilbert term and the coupling to pressure-
less matter reads8
L = a
2
8piGN
((~∇Ψ)2 − 2~∇Ψ.~∇Φ)− a4δρΦ (3.10)
from which we deduce the unicity of the Newtonian potential
Φ = Ψ (3.11)
and the Poisson equation
∆Φ = 4piGNa
2δρ. (3.12)
We will generalise this analysis to the case of bigravity.
3.2 Scalar perturbations in bigravity
In the case of doubly-coupled bigravity, although most of our argument will go through
unaltered in the singly-coupled case as well, we simply double the number of degrees of
freedom prior to gauge fixing, i.e we have the two sets of scalars (Φ1,2,Ψ1,2, V1,2, U1,2). Recall
that we also constrained our vielbeins (and accordingly also our perturbative ansatz in what
follows) to satisfy the symmetric vielbein condition, which at the linear level implies
ηab(δe
a
1µe¯
b
2ν − δeb1ν e¯a2µ) = ηab(δea2µe¯b1ν − δeb2ν e¯a1µ). (3.13)
8In the flat spatial geometry, we use the vector notation ∂i = ~∇ and (~∇a).(~∇b) = δij∂ia∂jb = ∂ia∂ib.
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Notice that this is in fact dynamically implemented when considering the low energy/decoupling
limit of the theory [20, 41], although in general this has to be imposed separately if the equiv-
alence with the metric formulation is to be guaranteed. This also ensures the equivalence
between the potential term in the metric and vielbein formalisms in our context. We then
use this parameterisation of the perturbations as obtained in the appendix to couple them
to matter at the Lagrangian level and eventually deduce their equations of motion. This
symmetric vielbein condition imposes only one extra condition on the scalar perturbations
which can be obtained using the (0i) or (i0) components and reads
V2 = bV1. (3.14)
This reduces the number of degrees of freedom to only seven.
In the bigravity case, only the diagonal subgroup of diffeomorphisms acting on both
vielbeins is a symmetry of the theory. In the scalar sector, such gauge transformations are
still specified by two scalar functions ξµ = (ξ0, ∂iξ) which can remove only two scalar degrees
of freedom, therefore reducing their number down to five.
More specifically, we can use two gauge transformations with respectively
ξ0 = −V1 = −V2
b
(3.15)
and
ξi = ∂iU2 (3.16)
to gauge away (V1, V2, U2). Indeed we can check that we have explicitly
δe01i = −a1∂iV1 → δe01i − ∂iξ0e¯010 = −a1∂iV1 + a1∂iV1 = 0 (3.17)
and similarly
δe02i = −a2∂iV2 → δe02i − ∂iξ0e¯020 = −a2∂iV2 + a2b∂iV1 = 0 (3.18)
where we have used (3.14) explicitly. The cancellation of δei2i works in a similar manner
indeed we have
δej2i = −a2Ψ2 + a2∂j∂iU2 → δej2i − ∂iξke¯j2k = −a2Ψ2 (3.19)
and finally
δej1i = −a1Ψ1 + a1∂j∂iU1 → δej1i − ∂iξke¯j1k = −a1Ψ1 + a1∂j∂i(U1 − U2). (3.20)
After these gauge transformations we are thus left with five degrees of freedom in the gravi-
tational sector (Φ1,2,Ψ1,2, U) where we have defined
U = U1 − U2 (3.21)
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and the perturbations are defined by
δe010 = a1Φ1, δe
i
1j = −a1Ψ1δij + a1∂i∂jU, δe01i = 0, δei10 = 0 (3.22)
and
δe020 = a2Φ2, δe
i
2j = −a2Ψ2δij , δe02i = 0, δei20 = 0. (3.23)
The previous results are valid in the quasi-static approximation which can be implemented
in the perturbative regime on sub-horizon scales such that H  k/a . Λ3. We will analyse
the dynamics of bigravity when these perturbations are turned on.
3.3 The Poisson equations
We have to write down the Einstein-Hilbert terms and the potential when the perturbations
are present. We focus only on the quasi-static regime in order to generalise the GR derivation
of the Poisson equation. The Einstein Hilbert term for the second metric g2µν coincides
with the one of GR in the conformal Newtonian gauge. Let us now examine the one of the
first metric g1µν . For that we will use the fact that Einstein-Hilbert term is invariant under
reparametrisation and therefore one can formally gauge away U . Hence the Einstein-Hilbert
term of the first metric is independent of U . It will prove useful to absorb the trace part of
∂i∂jU in the Newtonian potential Ψ1 by redefining
δei1j = a(−Ψ˜1δij + ∂i∂jU −
∆U
3
δij). (3.24)
With this field redefinition the Einstein-Hilbert terms of the model lead to the Lagrangian
LEH(Ψ˜1,Ψ2,Φ1,2, U) = a
2
1
8piGN
(((~∇(Ψ˜1−∆U
3
))2−2~∇(Ψ˜1−∆U
3
).~∇Φ1)+ ba
2
2
8piGN
((~∇Ψ2)2−2~∇Ψ2~∇Φ2).
(3.25)
which is also
LEH(Ψ1,2,Φ1,2) = a
2
1
8piGN
((~∇Ψ1)2 − 2~∇Ψ1.~∇Φ1) + ba
2
2
8piGN
((~∇Ψ2)2 − 2~∇Ψ2~∇Φ2). (3.26)
when reverting to Ψ1. But let us work with the parametrisation (3.24) first. In this case the
new terms coming from the potential at second order are either algebraic in (Φ1,2, Ψ˜1,Ψ2) or
involve one or two terms in (∂i∂jU − ∆U3 δij). The algebraic terms at second order are mass
terms of order Λ
4
m2Pl
= m2 ∼ H20 for the four potentials. As we work in the subhorizon limit
where spatial derivatives are much larger than the Hubble rate, these terms are negligible
compared to the Einstein-Hilbert terms which act as kinetic terms for the four potentials
(Φ1,2, Ψ˜1,Ψ2). The mass term for the Newton potentials would lead to a Yukawa suppression
of the potentials on large scales of the form e−mr which is negligible for distances r  H−10
where we apply the Newtonian analysis followed here. For a more complete discussion in the
local Minkowski limit, see section 5. On the other hand on horizon scales, we would not be
able to use this approximation anymore.
– 15 –
As a result we will neglect the algebraic terms coming from the potential of bigravity.
The terms involving U give rise to new kinetic terms and we shall focus on them here. Let
us first deal with terms linear in (∂i∂jU − ∆U3 δij). As the other components of the vielbeins
are all diagonal elements we get terms like
0abc
0ijk(∂a∂iU − ∆U
3
δai )δ
b
jδ
c
k ∝ δia(∂a∂iU −
∆U
3
δai ) = 0 (3.27)
hence all the terms linear in U cancel. We are left with terms involving two powers of U .
They look like
0abc
0ijk(∂a∂iU − ∆U
3
δai )(∂
b∂jU − ∆U
3
δbj)δ
c
k ∝ (∂j∂iU −
∆U
3
δji )(∂
i∂jU − ∆U
3
δij). (3.28)
These terms are higher order kinetic terms for the field U , which is completely decoupled at
second order in perturbations in the quasi-static approximation from both the four Newtonian
potentials (Ψ1,2,Φ1,2) and matter. Indeed the structure of the Lagrangian in the quasi-static
and sub-horizon limit comprises three terms
L = LEH(Ψ˜1,Ψ2,Φ1,2, U) + LU + Lm (3.29)
where LU ∝ Λ4m11(∂j∂iU − ∆U3 δji )(∂i∂jU − ∆U3 δij) and the matter Lagrangian, when only
pressure-less matter is involved, couples the two potential Φ1,2 to the matter density (see
below). We can now perform a field redefinition going back to Ψ1 = Ψ˜1 − ∆U3 and write
L = LEH(Ψ1,2,Ψ2,Φ1,2) + LU + Lm (3.30)
which proves that in the quasi-static and sub-horizon limit when matter is pressure-less, the
U field decouples from the dynamics of perturbations completely and can be discarded. This
comes from the fact that pressure-less matter only couples to Φ1,2 and not Ψ1,2. Nonetheless,
the U field has an action of higher order in its derivatives of the form U∆2U which is not of
the Galileon type nor a total derivative and is therefore the signal that, if we went beyond the
quasi-static approximation, thus restoring the corresponding higher-order time-derivatives,
the U field would give rise to a ghost in the theory.
Explicitly demonstrating that U would give rise to a ghost-like degree of freedom and
in fact propagates two scalar degrees of freedom is straightforward. Going back beyond the
quasi-static approximation we restore time-derivatives in the Minkowski limit and promote
(3.28) to
LU ∝ Λ4
∫
d4xUU. (3.31)
where we have integrated by parts and covariantised ∆ to a full 4D D’Alembertian . We
can now rewrite this interaction in the following way
Λ4
∫
d4xUU →
∫
d4x
(
Λ3XU − Λ
2
4
X2
)
. (3.32)
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The U field has mass dimension [U ] = −2. We have introduced the auxiliary field X in the
first line whose dimension is one [X] = 1. The action for U and X is dynamically equivalent
to (3.31) after substituting the equation of motion X = 2Λ2U . It is convenient to redefine
U¯ = Λ3U whose dimension is [U¯ ] = 1. The resulting action is then∫
d4x
(
XU¯ − Λ
2
4
X2
)
(3.33)
We then diagonalise the kinetic terms by replacing U¯ → Uˆ + Xˆ and X → Xˆ − Uˆ . The
resulting action ∫
d4x
(
XˆXˆ − UˆUˆ − Λ
2
4
Xˆ2 − Λ
2
4
Uˆ2 +
Λ2
2
XˆUˆ
)
. (3.34)
clearly describes two dynamical second-order scalar degrees of freedom with opposite sign
kinetic terms with a mixing mass matrix. This demonstrates that one recovers one ghost
and one healthy scalar from the original U interactions. For additional details see the related
discussion in section 8 of [46].
We can also consider the coupling to matter of both the transverse traceless graviton in
the Jordan frame and the U field which reads∫
d4x
(
h¯ij
mPl
+
β1
Λ3
∂i∂jU¯
)
T ij (3.35)
where T ij is the spatial part of the energy momentum tensor in the Jordan frame and h¯ has
dimension one. After the change of field and the introduction of the normalised pair (Xˆ, Uˆ)
this becomes ∫
d4x
(
h¯ij
mPl
+
β1
Λ3
(∂i∂jUˆ + ∂i∂Xˆ)
)
T ij . (3.36)
Notice that this is the coupling that one expects with a two derivative interaction suppressed
by the scale Λ.
The mass matrix of (Xˆ, Uˆ) has a zero eigenvalue corresponding to the massless excitation
U¯ while X has a mass Λ. At low energy below Λ, the field X can be integrated out and we
retrieve a massless scalar field U¯ with a higher order kinetic term
LU¯ ∝
∫
d4x
U¯U¯
Λ2
. (3.37)
and a derivative coupling (3.35) to matter.
The above is similar to the result of [38] where the same degree of freedom was shown to
give rise to a ghost in the late time Universe. Its presence requires further investigation but
here at the linear level of cosmological perturbations and in the quasi-static approximation,
we simply acknowledge that U decouples from matter. Note, however, that one may expect
this scalar ghost to be a remnant of the ghost-like degree of freedom that propagates in
doubly-coupled models at energy scales beyond the Λ33 = mPlm
2 decoupling limit [18] and
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hence to be harmless. This is suggested by the previous analysis in terms of the fields (Xˆ, Uˆ)
where the ghost field acquires a mass of order Λ  Λ3. A proper analysis of whether this
is in fact the case would involve integrating out the ghost and other interaction terms above
the scale Λ3 in order to systematically investigate the resulting low-energy theory. Again we
will leave this for further investigation.
Let us summarise our result and ask ourselves when the decoupling of U is guaranteed.
This decoupling operates in the sub-horizon limit which allowed us to neglect the mass terms
for the (Φ1,2, Ψ˜1,Ψ2) fields. One can expect that a more general treatment involving all the
perturbations should be necessary on large horizon scales. We have also used the quasi-
static approximation to gauge away some of the degrees of freedom such as U2 and this
assumption should also be revised in situations where time derivatives could compete with
spatial gradients. Moreover we have assumed that linear perturbation theory is valid. This
is certainly valid cosmologically for the Newtonian potentials which can only reach values
of order 10−4 for large galaxy clusters. We can also use the present approach in the static
situation corresponding to the solar system. In these cases, the quasi-static and sub-horizon
approximation apply whilst the Newtonian potentials do not exceed the one of the sun, i.e.
around 10−6. As a result, we will safely neglect the U field in local gravitational cases. This
will allow us to calibrate Newton’s constant to the local one (see below). On the other hand,
our approach would certainly fail in the strong gravitational regime of neutron stars or black
holes.
3.4 Scalar perturbative dynamics
The cosmological perturbations involve tensor, vector and scalar modes. In this section, we
will exclusively concentrate on the scalar modes as they have a direct influence on the growth
of structure. We have seen that the cosmological dynamics in the quasi-static limit reduces
to the evolution of four Newtonian potentials (Φ1,2,Ψ1,2). In the Jordan frame where matter
couples minimally to the Jordan metric, the matter perturbations are described by the fluid
velocity ~v and the matter density contrast δ = δρρ . The metric perturbations in the Jordan
frame reduce to two Newtonian potentials ΦJ and ΨJ which govern the behaviour of matter
and photon geodesics. In the following, we will only be interested in the sub-horizon limit
of perturbations where k/aJ  HJ and situations where the linear approximation for the
gravitational potentials is valid |ΨJ |  1, |ΦJ |  1. In the Jordan frame, the matter
particles behave like a fluid with velocity ~v which follows the geodesics of the Jordan metric
gµν . The equations of motions for this fluid follow uniquely from conservation of matter in the
Jordan frame, i.e. there is no need to incorporate the Einstein equation to find the equations
of motion for the fluid.
In order to find the relationship between the Newtonian potentials ΨJ and ΦJ in the Jor-
dan frame and matter, i.e. the new Poisson equations, we use the four Newtonian potentials
(Ψ1,2,Φ1,2), where the fifth degree of freedom U decouples in the sub-horizon and quasi-static
approximation as discussed in the previous section. Two of the remaining degrees of freedom
will turn out to be spurious, i.e. we will end with only two dynamical Poisson equations.
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Eventually when one takes into account the matter perturbation, i.e. the density contrast, in
the scalar sector we end up with three scalar perturbations. For this, let us first define the
perturbed metrics
ds21 = a
2
1(−(1 + 2Φ1)dη2 + (1− 2Ψ1)dx2) (3.38)
and
ds22 = a
2
2(−b2(1 + 2Φ2)dη2 + (1− 2Ψ2)dx2) (3.39)
from which we can read off the constrained vielbeins
e010 = a1(1 + Φ1), e
u
1v = a1(1−Ψ1)δuv (3.40)
and
e020 = a2b(1 + Φ2), e
u
2v = a2(1−Ψ2)δuv . (3.41)
The Jordan frame vielbeins become
e00 = (1 + ΦJ)e¯
0
0, e
u
v = (1−ΨJ)e¯uv (3.42)
where
e¯00 = β1a1 + β2a2b, e¯
u
v = aJδ
u
v (3.43)
and we find the two potentials in the Jordan frame
ΦJ =
β1a1Φ1 + β2a2bΦ2
β1a1 + β2a2b
, ΨJ =
β1a1Ψ1 + β2a2Ψ2
β1a1 + β2a2b
. (3.44)
Geodesics are influenced by the gravitational force −∇ΦJ while light rays respond to (ΦJ +
ΨJ)/2. In the presence of a matter overdensity δρ, the Poisson equations read
∆ΦJ = 4piG
Φ
Na
2
Jδρ, ∆ΨJ = 4piG
Ψ
Na
2
Jδρ. (3.45)
It is conventional to introduce different combinations of these Newton constants. First of
all, one can define the slip parameter η which measures how much the two potentials differ.
When the two potentials differ, this is a clear modification of gravity as we have seen that in
GR the two potentials are equal. The slip parameter η is defined by
η ≡ ΨJ
ΦJ
=
GΨN
GΦN
(3.46)
and it differs from one generically (see below). When the gravitational acceleration −~∇ΦJ
differs from the Newtonian acceleration −~∇ΦN where ΦN is the Newtonian potential defined
in the section on local dynamics (section 5), structures grow at a different rate because of the
modified gravitational interaction. This can be captured by defining
µ ≡ G
Φ
N
GlocalN
(3.47)
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where GlocalN is the local Newton constant in Minkowski space which will be identified below.
When this is not equal to one, this implies a modification of the growth of structure. Finally
we introduce a parameter Σ which quantifies how much lensing by dark matter is going to be
affected by a modification of gravity
Σ ≡ G
Φ
N +G
Ψ
N
2GlocalN
= µ
(1 + η)
2
(3.48)
which will not be equal to one either and therefore lensing will be affected. Indeed, this
follows from the link between the lensing potential and matter
ΦW =
ΦJ + ΨJ
2
(3.49)
given by the Poisson equation
∆ΦW = 4piG
local
N a
2
JΣδρ. (3.50)
The Poisson equation which influences the growth of structure reads
∆ΦJ = 4piG
local
N a
2
Jµδρ (3.51)
where µ will be determined below.
The conservation of matter and the Euler equation are not modified in the Jordan frame,
this follows from the residual diffeomorphism invariance of the matter action. They read
∂δ
∂ηJ
+ ∂iv
i = 0 (3.52)
and
∂vi
∂ηJ
+HJvi = −∂iΦJ (3.53)
where we have used uµ = a−1J (1−ΦJ +vivi, vi). Here vi is the velocity of the matter particles
and indices are lowered with δij . The gradient ∂i =
∂
∂xi
is the comoving one. This allows one
to deduce the growth equation for the density contrast
∂2δ
∂η2J
+HJ ∂δ
∂ηJ
− 3
2
ΩmµH2Jδ = 0. (3.54)
where we have defined HJ = daJaJdηJ and 8piGlocalN a2Jρ = 3ΩmH2J is the matter fraction. As soon
as GΦN and/or the background cosmology is not the one of Λ-CDM, the growth of structure
is modified.
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3.5 The Newtonian potentials
It is transparent to deduce the equations of motion of the Newtonian potentials directly from
the action of the model using the particular ansatz for the metrics and vielbeins that we have
already discussed, see also the appendix. The quadratic expansion of the Lagrangian involves
mass terms for the potentials Φ1,2 and Ψ1,2 of order Λ
4/m2Pl ∼ m2 ∼ H20 . We consider
perturbations in the sub horizon limit where k/aJ  H0, implying that one can neglect the
influence of these mass terms on the Newtonian potentials. We can expand the Lagrangian
to obtain
L = a
2
1
8piGN
((~∇Ψ1)2 − 2~∇Ψ1.~∇Φ1) + ba
2
2
8piGN
((~∇Ψ2)2 − 2~∇Ψ2.~∇Φ2)
+eg¯00δρ(β1a1Φ1 + β2a2bΦ2)(β1a1 + β2ba2)
where we consider only pressure-less fluids like Cold Dark Matter (CDM) and g¯00 = −(β1a1 +
β2ba2)
−2. The Euler-Lagrange equations for Ψ1,2 read
∆(Ψ1,2 − Φ1,2) = 0. (3.55)
As a result we find that each of the metrics depends on only one potential
Ψ1,2 = Φ1,2 (3.56)
and we have the two Poisson equations
∆Φ1 = −4piGN e
e1
(a21g¯
00)β1a1(β1a1 + β2ba2)δρ (3.57)
and
∆Φ2 = −4piGN e
e2
(a22g¯
00)β2a2(β1a1 + β2ba2)δρ (3.58)
from which we can read off the growth parameter
µ ≡ G
Φ
N
GlocalN
= −
e
e1
(a21g¯
00)β21a
2
1 +
e
e2
(a22g¯
00)β22a
2
2b
(β1a1 + β2a2)2
GN
GlocalN
(3.59)
and
GΨN
GN
= −
(
e
e1
(a21g¯
00)β21a
2
1 +
e
e2
(a22g¯
00)β22a
2
2
(β1a1 + β2a2)2
)(
β1a1 + β2a2b
β1a1 + β2a2
)
. (3.60)
The two potentials only differ when b 6= 1. In particular we have for the slip function
η =
(
e
e1
(a21g¯
00)β21a
2
1 +
e
e2
(a22g¯
00)β22a
2
2
e
e1
(a21g¯
00)β21a
2
1 +
e
e2
(a22g¯
00)β22a
2
2b
)(
β1a1 + β2a2b
β1a1 + β2a2
)
. (3.61)
Notice that the slip η is always equal to one when b = 1. We will see that this occurs in the
matter-radiation and dark energy eras.
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Figure 3. The variation of the lapse function b as a function of redshift aJ from aini = 10
−4 with model
I (left panel) and model II (right panel). The variation is only present between the two asymptotic
regions.
3.6 Vector and tensor perturbations
3.6.1 Vector perturbations
The description of the vector degrees of freedom is given explicitly in the appendix. We repeat
the main results here for convenience. The most general vector perturbations in the vielbein
formalism read
δeiαj = aα(∂jV
i
α + ∂
iWjα) (3.62)
where the spatial index of the spatial derivative is raised with δij , i.e. ∂i = δij∂j , the index
α = 1, 2 and
δeiα0 = aαD
i
α, δe
0α
i = aαCiα. (3.63)
The transversality conditions on these vectors in the scalar-vector-tensor decomposition are
∂iCiα = 0, ∂iD
i
α = 0, ∂iV
i
α = 0, ∂
iWiα = 0. (3.64)
The fact that δgα0i only involves −bαCαi + Dαi , where b1 = 1 and b2 = b, allows us to choose
the gauge such that Diα = 0. Indeed we use the vielbein formalism subject to the symmetric
condition (3.14) and therefore the action depends on the two metrics gαµν only. Similarly,
as δgαij depends only on Viα + Wiα, this allows us to choose Wiα = Viα. Now the symmetric
condition on the vielbeins implies also that
C11 = bC
2
i (3.65)
– 22 –
representing a single vector degree of freedom. Moreover, one of the two Viα is a pure gauge
degree of freedom in the quasi-static approximation. This implies that two divergence-less
vector degrees of freedom remain C11 = bC
2
i and V
i = V i1 − V i2 . Notice that the degree of
freedom V i = V i1 − V i2 is the one which leads in [37] to a divergent mode. We will see that in
the quasi-static approximation and at late times this mode is harmless.
It is now easy to see that the interaction term between the Cαi vanishes at the second
order of perturbation theory as it would involve two time indices in the antisymmetric abcd
symbol. The same applies to the coupling between Ciα and V
i which vanishes too. Hence
no contribution from the potential contains Cαi implying that these vectors have no extra
potential terms beyond GR at this order. On the other hand there are gradient terms in
(∂iVj)(∂
iV j).
Let us recall briefly how vectors behave in GR before generalising to the case of bigravity.
The quadratic Lagrangian in the quasi-static approximation is given by
LV = − a
2
32piGN
(~∇Ci).(~∇Ci)− a4CiδT 0i (3.66)
where we have used δg0iδT
0i = CiδT 0i and no gradient terms in Vi appear as it can be
formally gauged away. Moreover we focus on pressure-less matter which decouples from ∂iVj .
The Euler-Lagrange equation becomes
∆Ci = 16piGNa
2δT 0i . (3.67)
Using δT 0i = (ρ+ p)vi where vi = δijv
j is the curl-part of the velocity fluid which decays like
1/a, we find that Ci decays like 1/a
2 in the matter dominated era and can be neglected.
This can be generalised to the bigravity case where we use C2i = bC
1
i . The Jordan frame
vector field can be identified as
aJC
J
i = β1a1C
1
i + β2a2C
2
i (3.68)
which implies that
CJi =
β1a1 + β2ba2
aJ
C1i (3.69)
while the Lagrangian for the bigravity vector field is
LV = −a
2
1(1 + b
2)
32piGN
(~∇C1i ).(~∇Ci1)− a3J(β1a1 + β2ba2)CiJδT 0i . (3.70)
where CiJ = a
−2
J δ
ijCJj implying that
CiJ =
a21
a2J
β1a1 + β2ba2
aJ
Ci1. (3.71)
The first term in the Lagrangian is the kinetic term coming from the two Einstein-Hilbert
terms and the relation Ci2 = b
a21
a22
Ci2 has been used. We then deduce that
∆C1i = 16piGN
(β1a1 + β2a2b)
2
1 + b2
δT 0i (3.72)
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where δT 0i = (ρ+p)vi implying that C
1
i decays like (β1a1+β2a2b)
2a−4J in the matter era. The
dynamics of Vi simplify as the only terms in the Lagrangian involving Vi are gradient terms
in (∂iVj)(∂
iV j) and no coupling to pressure-less matter appears, implying that Vi can be set
to zero. Notice that Vi behaves differently in the radiation era where a gradient instability is
present, see section 4.3.
3.6.2 Tensor modes
The gravitational sector is more interesting than the vector one. Focusing on the tensor
perturbations
δeαij = aαh
i
αj (3.73)
where α = 1, 2 and hiαj is a symmetric transverse and traceless tensor with two degrees of
freedom, we find that the mass term coming from the potential term of bigravity reads
Lm = 12mαβΛ4aαhijαaβhjiβ. (3.74)
where
mαβ(aγ) =
∑
γδ
mαβγδa˜γaδ. (3.75)
where a˜α = bαaα with b1 = 1 and b2 = b. The kinetic terms come from the two Einstein-
Hilbert terms
LL = 1
16piGN
(
a21
(
dh1ij
dη
dhij1
dη
− ~∇h1ij ~∇hij1
)
+
a22
b
(
dh2ij
dη
dhij2
dη
− b2~∇h2ij ~∇hij2
))
. (3.76)
It is convenient to normalise the tensor modes according to
h¯1ij = mPla1h
1
ij , h¯
2
ij = mPl
a2
b1/2
h2ij (3.77)
such that the kinetic terms become
LL = 1
2
(
dh¯1ij
dη
dh¯ij1
dη
− ~∇h¯1ij ~∇h¯ij1 +
1
a1
d2a1
dη2
h¯ij1 h¯
1
ij +
dh¯2ij
dη
dh¯ij2
dη
− b2~∇h¯2ij ~∇h¯ij2 +
b1/2
a2
d2(a2b
−1/2)
dη2
h¯ij2 h¯
2
ij
)
.
(3.78)
The mass term becomes
Lm = 12m2(bαbβ)1/2mαβ(aγ)h¯ijαh¯jiβ. (3.79)
and the mass matrix reads
M2αβ(aγ) = −24m2(bαbβ)1/2mαβ(aγ) (3.80)
which is a symmetric matrix of order m2.
Let us consider first the Minkowski limit when aα = 1. In bigravity models, Minkowski
space is not a solution of the Einstein equations as there is always a positive cosmological
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constant energy density 24Λ2
∑
αβmαβ at the background level. To obtain a model where
Minkowski space is a solution of the equations of motions, we remove the contribution from
the cosmological constant for the two metrics gαµν , i.e. we consider the model with the action
S → S + 24Λ4(
∫
d4x
√
−g1
∑
β
m1β +
∫
d4x
√
−g2
∑
β
m2β). (3.81)
where δgαij = 2h
α
ij . The corresponding Friedmann equations (2.38) and (2.39) have the solution
a1 = a2 = b = 1 associated to Minkowski space. In this case, it is interesting to introduce the
decomposition
h¯ij1 =
hij+ + h
i
j−√
2
, h¯ij2 =
hij+ − hij−√
2
(3.82)
and the change of basis induced by the matrix
A =
(
1 1
1 −1
)
(3.83)
implying that, in the new basis, the mass matrix becomes
M˜2 = AM2A = −24m2
(
m11 + 2m12 +m22 m11 −m22
m11 −m22 m11 +m22 − 2m12
)
. (3.84)
The Lagrangian from bigravity at the quadratic level becomes
LT = −1
2
((∂hi+j)
2 + (∂hij−)
2)− 1
2
M˜2uvh
i
juh
j
iv (3.85)
where u, v = ±. When all the scale factors are equal to one, the background is consistent, i.e.
Minkowski is indeed a solution as assumed above, only when one removes the contribution to
the mass of the gravitons coming from the cosmological constants that we have introduced in
(3.81)
Lcc = 24Λ4(
∑
β
m1β
√
−g1 +
∑
β
m2β
√
−g2) ⊃ −1
2
∆M2uvh
i
juh
j
iv (3.86)
where the mass matrix coming from the added cosmological constant terms is
∆M2 = 24m2
(
m11 + 2m12 +m22 m11 −m22
m11 −m22 m11 + 2m12 +m22
)
(3.87)
leaving a total Lagrangian for the two gravitons h+ and h−
LT = −1
2
((∂hi+j)
2 + (∂hij−)
2)− 1
2
M¯2uvh
i
juh
j
iv (3.88)
where we have introduced the mass matrix in a flat background
M¯2 = M˜2 + ∆M2 = 96m2
(
0 0
0 m12
)
. (3.89)
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Notice that the massless graviton is associated to h+ (cf. the result of [47]) and the massive
graviton to h− with a mass
m2− = 96m
2m12 (3.90)
which is always positive if we take the tensor mabcd to have only positive elements. It has to
be emphasized that this mass matrix is not the mass matrix of a model of bigravity per se as
we had to remove the cosmological constant terms in order to get a Minkowski background.
Let us come back to the case of a cosmological background. The evolution equations for
the two gravitons h¯1 and h¯2 are now given by
d2h¯1
dη2
−∆h¯1 + (M211(aγ)−
1
a1
d2a1
dη2
)h¯1 +M
2
12(aγ)h¯2 = 0 (3.91)
and
d2h¯2
dη2
− b2∆h¯2 + ((M222(aγ)−
b1/2
a2
d2(a2b
−1/2)
dη2
)h¯2 +M
2
21(aγ)h¯1 = 0. (3.92)
Notice that the two gravitons propagate at different speeds when b 6= 1. Another new feature
of bigravity is that the two gravitons h1 and h2 are coupled by the off-diagonal terms of the
mass matrix. This implies that there is gravitational birefringence and the two gravitons
oscillate into one another as they propagate. This is analogous to what happens in the
photon-axion or photon-chameleon systems where birefringence implies a phase shift of the
waves. The analysis of these phenomenona is left for future work.
Let us finally comment on the coupling to matter. The Jordan frame matter couples to
the combination
aJh
i
jJ = β1a1h
i
j1 + β2a2h
i
j2 (3.93)
and one can see that this evolves with time, i.e. matter couples to different gravitons in the
history of the Universe. In the radiation and matter eras, the Jordan frame graviton simplifies
to
hijJ =
β21h
i
j1 + β
2
2h
i
j2
β21 + β
2
2
(3.94)
which differs from the Jordan frame graviton in the dark energy era.
4 Cosmological Evolution in Bigravity
4.1 The matter and radiation eras
We only study the cosmological solutions of the model on the branch where
b =
a2H2
a1H1
. (4.1)
On this branch, the ratio X = a2a1 is algebraically determined. In particular, the influence
of the potential term of bigravity, as we have taken the mass term m ∼ H0, only plays a
role on the background cosmology in the late time Universe. This is very particular to this
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branch of solutions and this would not be the case on the other branch where the pressure
and dark energy are directly related. In the early Universe and on the branch (2.51), i.e. in
the radiation and matter eras along this branch, we will neglect the potential term and study
the evolution of the Universe due to the double coupling to matter. We already know that in
this regime we have that X = a2/a1 → β2/β1. We will go into more details of the dynamics
of the model in the matter-radiation eras.
In the matter-radiation eras the matter term in ρ dominates over the potential term in
Λ4, this implies that the Friedmann equations read
3H21m
2
Pl = β1
a3J
a31
ρ (4.2)
and
3H22m
2
Pl
b2
= β2
a3J
a32
ρ. (4.3)
A family of solution can be obtained when the two scale factors are proportional
a2 = Xa1 (4.4)
implying that the b factor is also constant as we have
3H21m
2
Pl = β1(β1 + β2X)
3ρ (4.5)
and
3H22m
2
Pl
b2
=
3H21m
2
Pl
X2b2
= β2
(β1 + β2X)
3
X3
ρ, (4.6)
from which we deduce that
b2 =
β1
β2
X. (4.7)
The Raychaudhuri equations become
2m2Pl
1
a31
d2a1
dη2
= m2PlH
2
1 − β1
e
e1
β1a
2
1 + β2a1a2
a2J
p (4.8)
and similarly
2m2Pl
1
b2a32
d2a2
dη2
= m2Pl
H22
b2
− β2 e
e2
β2a
2
2 + β1a1a2
a2J
p. (4.9)
This becomes
2m2Pl
1
b2X2a31
d2a1
dη2
= m2Pl
H21
b2X2
− β2
bX4
e
e1
a21(β2X
2 + β1X)
a2J
p (4.10)
which implies that
b =
β1
β2
X. (4.11)
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We then deduce that the ratio of the lapse functions must be equal to one, i.e.
b = 1, X = Xm =
β2
β1
. (4.12)
Let us confirm that the Raychaudhuri equation is consistent with this solution. The conser-
vation of matter leads to
ρ =
ρ0
a
3(1+ω)
J
=
ρ1
a31
(4.13)
where ρ1 = ρ0(β1 + β2X)
3(1+ω) is a constant. Defining the cosmic time dt1 = a1dη, we have
the following time evolution for the scale factor
a1 = (
3
2
(1 + ω)
t1
tK
)2/3(1+ω) (4.14)
where we have defined the characteristic time t−1K =
β1ρ1
3m2Pl
e
e1
1
(β1+β2bX)
as a constant. Using
d2a1
a31dη
2
=
d2a1
a1dt21
+H21 (4.15)
we find the equality between the constants of the model
1− 3(1 + ω)
2
= −1
2
− 3ωK1
K2
(4.16)
where the coefficients are
K1 =
β1 + β2Xb
(β1 + β2bX)2
, K2 =
β1 + β2X
(β1 + β2X)2
. (4.17)
This implies that these constants must be equal
K1 = K2 (4.18)
and finally we find the same conditions
b = 1, X = Xm =
β2
β1
. (4.19)
With this we have that the dynamics of the Universe in the matter-radiation eras are deter-
mined by
H21 = β1(β1 + β2X)
3 ρ
3m2Pl
(4.20)
and
H22 = β2
(β1 +Xβ2)
3
X3
ρ
3m2Pl
(4.21)
which coincides with H22 = H
2
1/X
2. As a result the Hubble rate in the Jordan frame is given
by HJ =
H1
β1+β2X
and the Friedmann equation reads
H2J = (β
2
1 + β
2
2)
ρ
3m2Pl
. (4.22)
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This confirms that the dynamics on the branch (2.51) in the matter-radiation eras follow
a Friedmann equation like in GR. The only big difference is that the Friedmann equation
depends on the background Newton constant in the matter and radiation eras
GNcosmo
GN
= β21 + β
2
2 (4.23)
which needs to be compared to local tests of gravity (see below). If GNcosmo 6= GlocalN then the
background cosmology in the matter-radiation eras would differ from the Λ-CDM dynamics
which satisfies
H2ΛCDM = 8piG
local
N
ρ
3
. (4.24)
We will analyse the link between GNcosmo and G
local
N below and we will in fact find that they
coincide implying that the matter-radiation eras along the branch (2.51) and in the Λ-CDM
model agree. We also have that in these eras the slip parameter is given by
η = 1 (4.25)
as b = 1 and
µ = (β21 + β
2
2)
GN
GlocalN
. (4.26)
We will calculate µ using local experiments in the next section, i.e. after determining GlocalN .
As the matter density ρ ∼ a−31 decreases in the matter era, the contribution from the
potential term of massive bigravity becomes less subdominant. Notice that the potential term
contributes a constant term to the Friedmann equations for H1,2
Λ41 = 24Λ
4m1jkl
ajakal
a31
(4.27)
and
Λ42 = 24Λ
4m2jkl
ajakal
a32
(4.28)
which act as subdominant cosmological constants in the radiation and matter eras. When
these terms start to dominate, bigravity acts as dark energy.
4.2 Dark energy
When the matter density becomes subdominant, the Friedmann equations reduce to
3H21m
2
Pl = 24Λ
4m1jkl
ajakal
a31
(4.29)
and
3H22m
2
Pl
b2
= 24Λ4m2jkl
ajakal
a32
. (4.30)
The Hubble rates become constant and the space-time becomes de Sitter with
a2 = Xa1 (4.31)
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Figure 4. The variation of the equation of state wDE as a function of redshift aJ from aini = 10
−4
with model I (left panel) and model II (right panel).
Figure 5. The variation of slip function η as a function of redshift aJ from aini = 10
−4 with model I
(left panel) and model II(right panel).
where we must have
b2 = X
m1jklajakal
m2jklajakal
. (4.32)
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Using the Raychaudhuri equation
2m2Pl
1
b2a32
d2a2
dη2
= m2Pl
H22
b2
+ 24Λ4m2jkl
a˜jakal
ba32
(4.33)
and d
2a1
a31dη
2 = 2H
2
1 we find that
b =
m2jkla˜jakal
m2jklajakal
(4.34)
whose solution is
b = 1. (4.35)
Therefore we find that X → Xd where
Xd =
m2jklajakal
m1jklajakal
(4.36)
which can be written explicitly as
Xd =
m2222X3d + 3m
2221X2d + 3m
2211Xd +m
2111
m1111 + 3m2111Xd + 3m2211X
2
d +m
1222X3d
. (4.37)
Only models with positive real roots admit a late time dark energy era. This depends on
the choice of the couplings mijkl. When the above equation admits no solution, the ansatz
a2 = Xa1 does not lead to meaningful solutions anymore and more complex solutions must
be looked for.
In this dark energy phase, if existent, the Newtonian potentials satisfy the same properties
as in the matter and radiation eras
η = 1, µ = (β21 + β
2
2)
GN
GlocalN
(4.38)
where the growth of structure depends on the value of GlocalN .
4.3 Instabilities
We can now discuss the issue of gravitational and vector instabilities and the validity of the
quasi-static approximation. First of all we have seen that the mass matrix of the gravitons
(3.80) has only negative entries as long as mijkl ≥ 0. The positivity of the coefficients mijkl
guarantees that at all times the effective cosmological constant provided by the potential
term of bigravity is positive, i.e. this evades possible big crunch singularities if the potential
became negative. A negative mass matrix signals potential tachyonic instabilities. This can
be analysed using the propagation equations (3.91) and (3.92). In the matter dominated era
where X is constant and b = 1, the mass matrix is dominated by the diagonal terms 1aα
d2aα
dη2
of order H21,2 respectively and only modes h¯α such that k/a1,2 . H1,2, i.e. modes outside the
horizon, grow in aα implying that hα remains constant. Hence there is no instability in the
matter era. In the radiation dominated era where b = 1 and X is constant too, the diagonal
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terms 1aα
d2aα
dη2
vanish. There are now new pressure-dependent mass terms coming from the
coupling to matter which read
δSp =
1
8
∫
d4xeδTijδg
ij (4.39)
where δTij = 2aJ(β1a1h
1
ij + β2a2h
22ij)p and δg
ij = −2a−3J (β1a1h1ij + β2a2h22ij). There is
also a term coming from the two Einstein-Hilbert contributions
δSg = − 1
16piGN
∫
d4x
(
e1(2
dH1
dt1
+ 3H21 )h
ij
1 h
1
ij + e2(2
dH2
dt2
+ 3H22 )h
ij
2 h
2
ij
)
. (4.40)
Using 2dHαdtα + 3H
2
α = −3ωH2α where ω = 1/3 and aαHα = aJHJ , we find that
δSg =
∫
d4x
3ωa2JH
2
J
2
(h¯ij1 h¯
1
ij + h¯
ij
2 h¯
2
ij) (4.41)
and the matter term
δSp = −
∫
d4x
3ωa2JH
2
J
2(β21 + β
2
2)
(β1h¯
ij
1 + β2h¯
ij
2 )
2. (4.42)
As a result we find that in the radiation dominated era, the pressure mass matrix becomes
∆M2p =
3ωa2JH
2
J
β21 + β
2
2
(
−β22 β1β2
β1β2 −β21
)
. (4.43)
Deep in the radiation era, the correction term ∆M2p dominates. Notice that the pressure
dependent matrix has always a zero mass eigenstate (in practice the mass of this eigenstate
comes from the neglected terms and is very small compared to the Hubble rate) and an
eigenmode of negative mass
m2G = −3ωa2JH2J < 0 (4.44)
corresponding to an instability for modes outside the cosmological horizon. This instability
has a growing factor D+ which satisfies
D′′+ −
1
η2
= 0 (4.45)
which grows like
D+ ∼ aλ+ , λ+ = 1 +
√
5
2
. (4.46)
The normalised zero eigenmode is given by
h+ij =
β1h¯
1
ij + β2h¯
2
ij√
β21 + β
2
2
=
a1h
J
ij√
8piGNcosmo
(4.47)
– 32 –
corresponding to the Jordan frame graviton normalised by the cosmological Newton constant.
The massive eigenmode is
h−ij =
β2h¯
1
ij − β1h¯2ij√
β21 + β
2
2
=
β2√
β21 + β
2
2
mPla1(h
1
ij − h2ij) (4.48)
implying a mild growth of the gravitons hαij in a
√
5−1
2 outside the horizon [37].
The same reasoning can be applied to the two vectors Viα beyond the quasi-static ap-
proximation. Defining
V¯ 1ij = mPla1V
1
i , V¯
2
i = mPla2V
2
i , (4.49)
the gradient terms read
LV = −(M2 + ∆M2p )αβ(∂iV¯ αj )(∂iV¯ jβ) (4.50)
which shows a gradient instability when the tensor mass matrix has negative eigenvalues [38].
This is the case in the radiation dominated era where the pressure mass term dominates. As
for the tensor perturbations, the Jordan frame vector
aJV
i
J = β1a1V
i
1 + β2a2V
i
2 (4.51)
corresponds to the zero eigenmode with no gradient instability. On the contrary, the mode
V −i =
β2V¯
1
i − β1V¯ 1i√
β21 + β
2
2
=
β2√
β21 + β
2
2
mPla1(V
1
i − V 2i ) (4.52)
is the unstable mode with a gradient instability. In conclusion, we have retrieved the fact
that vectors and tensors can be unstable in the radiation dominated era [37]. The Jordan
frame vector and tensor perturbations, i.e. the ones which couple to matter, do not suffer
from such instabilities. Eventually, it would remain to be seen how lethal these instabilities
in sectors decoupled from matter are.
Finally we would like to re-emphasise that, in this paper, we consider bigravity theories at
low energy, i.e. from the late radiation era to the dark energy one. Indeed at higher energies
the UV completion of bigravity most likely would modify the behaviour of the theory and
possibly alter either the presence or the type of instabilities. At low energy, i.e. where we are
safely in the regime of validity of the theory and can most trust it, no instability is present
and all the mass matrices for the various perturbations which come from the potential term
of bigravity are negligible compared to the large gradient terms in the sub-horizon limit. As
a result, in the sub-horizon limit and at low energy we can use the quasi-static approximation
for the time evolution of perturbations as shown in previous sections.
5 Local Dynamics
5.1 Local gravity
We are interested in gravity tests performed in the solar system. In these cases, the Newtonian
potential is very small hence the background geometry is well approximated by Minkowski
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space-time. This would not be the case around neutron stars for instance where another
treatment is required. Following our analysis of the scalar degrees of freedom, we know that
there are four Newtonian potentials (Ψ1,2,Φ1,2). In the quasi-static approximation and as long
as the Newtonian potentials are small, e.g. in the solar system, the fifth degree of freedom
decouples from matter and the Newtonian potentials. In such a Minkowski background we
consider an over-density of matter determined by the matter density δρ. The full Lagrangian
of the gravitational dynamics including the four potential terms up to second order is simply
L = 1
8piGN
((~∇Ψ1)2 − 2~∇Ψ1.~∇Φ1) + 1
8piGN
((~∇Ψ2)2 − 2~∇Ψ2.~∇Φ2)− δρ(β1Φ1 + β2Φ2)(β1 + β2)3
−72Λ4mij(Ψi − Φi)Ψj
where mij =
∑
klm
ijkl. From this we deduce the Poisson equations
∆Ψi = βi(β1 + β2)
34piGNρ− 72× 4piGNΛ4mijΨj (5.1)
and
∆Φi = βi(β1 + β2)
34piGNρ− 72× 4piGNΛ4mij(Φj −Ψj). (5.2)
We focus on distances much less that 1/m implying that one can safely neglect the mass
terms and get the two Poisson equations
∆physΦJ = 4piGN (β
2
1 + β
2
2)δρ (5.3)
and
∆physΨJ = 4piGN (β
2
1 + β
2
2)δρ (5.4)
from which we find that the local Newtonian potential is ΦN = ΨJ = ΦJ . Doing so, we have
defined the physical coordinates as (β1 + β2)~x. We can now identify the Newton constant
GN (β
2
1 + β
2
2) with the one measured locally
GlocalN = (β
2
1 + β
2
2)GN . (5.5)
This implies that the equality between the local and background cosmological values of New-
ton’s constant is satisfied
GlocalN = GNcosmo. (5.6)
As a result we have that in the matter, radiation and dark energy eras
η = 1, µ = 1 (5.7)
with no modification of gravity.
Notice that the local dynamics do not require the presence of a Vainshtein mechanism to
screen the existence of a propagating massless scalar. The only scalar on top of the Newtonian
potentials is the U field which decouples from matter. This is analogous to the absence of
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Vainshtein mechanism in massive dRGT gravity with a single coupling in the decoupling limit
[48]. Here we find it at the bigravity level in the doubly coupled case.
In fact there appears to be a fundamental reason why the Vainshtein mechanism is not
necessary in the doubly coupled case. Indeed when a single matter species is coupled in
bigravity, the matter action does not break the two copies of diffeomorphism invariance of
the theory. This implies that in the low energy limit, i.e. the Λ3 decoupling limit where Λ3 =
m2mPl, is kept fixed and matter fields are scaled such that their lowest energy contribution
is kept in the Lagrangian, the Stu¨ckelberg field does not couple to matter before demixing
with gravity. The demixing introduces a direct, i.e. linear and non-derivative, coupling of the
Stu¨ckelberg field to matter, which then needs to be Vainshtein-screened in a Galileon fashion.
In the doubly coupled case, the Stu¨ckelberg field is already present in the matter coupling prior
to demixing, due to the diffeomorphism breaking nature of the matter coupling. Consequently,
the lowest energy contribution from the matter coupling now immediately comes in at the
Λ3 level , i.e. no further scaling of the matter content is required, and introduces a direct
derivative coupling between the scalar and matter. We will discuss this in detail in [39].
Notice that, when taking the decoupling limit at the Λ3 scale without scaling matter, in this
limit derivative interactions with pressure-less matter vanish in the static limit as only the
T00 component of matter contributes and time derivatives of the Stu¨ckelberg field vanish.
This precludes the necessity for the Vainshtein mechanism in this limit. However, the same
non-derivative couplings to matter as in the singly coupled are still present at higher energy
scales, so some amount of Vainshtein screening beyond the static and decoupling limits will
be required and present.
5.2 Local tests
As the Poisson equations are not modified in a Minkowski background, the orbits of planets
are not affected. The only local deviation from Newtonian gravity follows from the slight
time dependence of the Newton constant as the geometry is locally FRW and influenced by
the background cosmology. As the Poisson equations are linear, we can superimpose the
solutions for all the objects in the Milky Way as embedded in the cosmological background.
This implies that the planetary orbits depend on
∆ΦJ = 4piG
local
N µδρ (5.8)
where ∆ is the Laplacian in the physical coordinates. In particular the Lunar Ranging
experiment which triggers the motion of the moon in the solar system implies that a time
drift of Newton’s constant is severely constrained [49]
|d lnG
Φ
N
dtJ
| = |d lnµ
dtJ
| ≤ 0.02H0 (5.9)
at the present time. We have seen that µ = 1 in the matter and dark energy eras. This
implies that µ can only vary in the transient region when b 6= 1 and X evolves between its
matter dominated value Xm to its dark energy value Xd.
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Figure 6. The variation of the growth parameter µ as a function of redshift aJ from aini = 10
−4 with
model I (left panel) and model II (right panel).
Figure 7. The variation of Σ as a function of redshift aJ from aini = 10
−4 with model I (left panel)
and model II (right panel).
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6 Numerical Results
6.1 Cosmological Evolution and Modified gravity
We focus on the branch of solutions where b = a2H2a1H1 only. In this case, the matter and late
radiation eras are retrieved. Moreover the modification of gravity that could be induced on
the growth of structure and lensing is absent on cosmological scales as µ = η = Σ = 1.
Similarly when Xd exists as a solution of (4.37), i.e in the dark energy era, gravity is not
modified too. Hence gravity can only be modified with an impact on η, µ and Σ in the
intermediate regions where X goes from its matter-radiation value Xm to its dark energy one
Xd. During this transition, if b 6= 1, then η 6= 1 and µ 6= 1. Modified gravity then appears
only as a transient phenomenon which would be taking place at the present epoch in the
history of the Universe.
The cosmological evolution can be numerically analysed using the number of e-folds
N = ln aJ (6.1)
in the Jordan frame. The dynamics reduce to a system of three first order differential equations
for ln b and ln a1,2. We have first
d ln a1
dN
=
β1 + β2X
β1 + β2Xb
,
d ln a2
dN
= b
β1 + β2X
β1 + β2Xb
(6.2)
where we have defined the reduced Hubble rates
H¯1,2 =
H1,2
H0
(6.3)
and we normalise
ρ =
ρ0
a3J
(6.4)
where ρ0 =
3Ω
(0)
m H
2
0
8piGlocalN
=
3Ω
(0)
m H
2
0m
2
Pl
β21+β
2
2
. The reduced Hubble rates are therefore
H¯21 =
β1
β21 + β
2
2
Ω
(0)
m
a31
+ 8
Λ4
m2PlH
2
0
m1jkl
ajakal
a31
(6.5)
Similarly we find that
H¯22
b2
=
β2
β21 + β
2
2
Ω
(0)
m
a32
+ 8
Λ4
mPl2H
2
0
m2jkl
ajakal
a32
. (6.6)
The third equation is simply obtained by imposing the constraint in differential form
db
dN
=
d
dN
(
d ln a2
d ln a1
). (6.7)
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We have to choose the value of the dark energy component which is determined by the
parameter
8Λ4
m2PlH
2
0
= c
(β1 + β2Xd)
2
(m1111 + 3m2111Xd + 3m2211X
2
d +m
1222X3d)
(1− β1
β21 + β
2
2
Ωm(β1 + β2Xd)) (6.8)
where for c = 1, the dark energy component is equal to the asymptotic cosmological constant
of the de Sitter space-time determined by b = 1, a2 = Xda1. In practice, the Universe is not
in its asymptotic de Sitter phase and the coefficient c = O(1) is chosen to match the 75% of
dark energy now. This is achieved using the effective dark energy fraction defined by
ΩDE = H¯
2
J −
Ω
(0)
m
a3J
(6.9)
which must be around 75% now, implying a tuning of the c parameter. The effective equation
of state of dark energy is obtained using
3(1 + ωDE) =
d ln ΩDE
d ln aJ
(6.10)
which must be close to -1 now. Finally, we can test the evolution of Newton’s constant by
calculating d lnµd ln aJ and comparing it to the bound (5.9) at the 0.02 level by the Lunar Ranging
experiment constraint [49].
6.2 Numerical results
In the previous sections, we have described solution the different cosmological eras where
a2 = Xa1 and X are constant. Numerically, we will veer away from this case and explore
what happens when initially bini = 1 and a2ini = Xmaini at matter-radiation equality, i.e. far
in the past the solution coincides with the one in the matter and radiation eras. The results
in figure 1 show the evolution of a2/a1 as a function of the Jordan frame redshift for two
models defined below. We have normalised the constant c which dictates the numerical value
of the graviton mass to be such that there is 75% dark energy now. We find that the Hubble
rate in the Jordan frame differs from its Λ-CDM counterpart by a few percent in the recent
past of the Universe when the parameters of the model, i.e. the two couplings β1,2 and the
parameters mijkl vary (see figure 2).
More precisely, we choose to analyse the evolution of the universe from matter-radiation
equality aini = 10
−4 where we have a2ini = Xma1ini initially and a1ini = 10−4/(β1 + β2Xm).
We take Ω
(0)
m = 0.25. The initial value of b is chosen to be b = 1 and the Universe is on the
matter dominated explicit solution.
6.2.1 Model I
We consider a model where β1 = 2, β2 = 1 and all the m
ijkl = 1. This implies that Xd = 1
and Xm = 0.5. We find that b varies significantly only when dark energy becomes important
before converging to its asymptotic value b = 1 in the dark energy era (figure 3). We can
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always adjust the constant c ∼ 0.715 to obtain around 75% dark energy with an equation of
state around -1 (figure 4). The background cosmology differs from Λ-CDM in the recent past
(figure 2). Moreover we have η 6= 1, µ 6= 1 and Σ 6= 1 (figures 5, 6 and 7). They deviate from
Λ-CDM at the 10% level or below. We also find that Newton’s constant varies, but less than
the present bound from the Lunar Ranging experiment (figure 8).
6.2.2 Model II
We consider a model where β1 = 1, β2 = 1 and all the m
ijkl = 1 apart from m1111 = 2.
This implies that Xm = 1 and Xm = 0.87. We find that b varies significantly only when
dark energy becomes important, before converging to its asymptotic value b = 1 in the dark
energy era (figure 3). We can always adjust the constant c ∼ 1.137 to obtain around 75% dark
energy with an equation of state around -1 (figure4). The background cosmology differs from
Λ-CDM in the recent past. Moreover we have η 6= 1, µ 6= 1 and Σ 6= 1. They deviate from
Λ-CDM at the 10% level or below (figure 5, 6 and 7). We also find that Newton’s constant
varies, but less than the present bound from the Lunar Ranging experiment (figure 8).
6.3 Discussion
The cosmological evolution depends on the parameters of the model. Exploring the full
parameter space of the model is beyond the scope of the present paper. Here we have con-
centrated on models where Xm 6= Xd in order to see a variation of both X and b. We have
focussed on model I, where one coupling β1 is larger, and on another model II, where m
1111
is also enhanced. Both models show a large deviation of b from one, although of different
signs. This is also the case for the variation of the Hubble rate compared to Λ-CDM although
the difference is less significant. Finally, we observe that large deviations in the growth of
structure and lensing can also be expected. The classification and the phenomenology of
these models is left for future work.
7 Conclusions
We have analysed massive bigravity with a consistent matter coupling to both metrics [18, 19]
in the constrained vielbein formalism (equivalent to the metric formulation). The constrained
vielbein formalism allows us to extend known properties of the metric formulation in a trans-
parent fashion. The new results obtained in this work are as follows: At the background
cosmological level, we have retrieved the existence of two branches of solutions for the back-
ground cosmology [35–38]. We have explicitly shown that in the asymptotic past (matter
or radiation eras) and the asymptotic future (dark energy era), the ratio between the two
scale factors converges to a constant and the ratio between the two lapse functions b con-
verges to unity. Deviations from these regimes only occur at the present epoch where b differs
from one when the degeneracy between the couplings to matter or between the coefficients
of the potential term of bigravity is lifted. We have explicitly illustrated this numerically
but choosing two typical examples: one where all the potential terms are on equal footing
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Figure 8. The variation of d lnGNdHJ as a function of redshift aJ from aini = 10
−4 with model I (left
panel) and model II (right panel). The bound (5.9) at the 0.02 level is satisfied in both cases [49].
and the two matter couplings differ, and another one where the matter couplings coincide
and only one of the coefficients of the potential is different from the others. We expect that
more complex cases will not change drastically from the behaviour of these models. A more
thorough analysis is left for future work.
We have shown how in the quasi-static approximation, i.e. a situation which is valid in
the matter era, the scalar perturbations reduce to four Newtonian potentials. The Jordan
matter and lensing properties of the model are affected by the two Newtonian potentials in
the Jordan frame, which explicitly differ when the lapse functions of the two metrics differ,
i.e. when b 6= 1. This happens only between the end of the matter era and the asymptotic
future dark energy epoch. This entails that the slip parameter η, the growth parameter µ
and the lensing parameter Σ deviate from one in the recent past of the Universe, i.e. growth
of structure is modified. We have also illustrated this explicitly by solving the equations of
motion numerically in the two sample cases described above.
We have examined the gravitational properties in the static case around compact objects
on scales larger than the inverse cut-off and shown that GR is retrieved in this limit. This
allows us to identify the local gravitational constant and identify it with the cosmological one.
We have also re-examined and discussed the linear cosmological perturbations for these
theories. We have considered the instabilities of the model and given the general expression
for both the graviton mass matrix and the vector mode kinetic mixing matrix in a simple
and transparent way, showing that they are proportional for all models in doubly coupled
bigravity. This allows us to retrieve straightforwardly that vectors and tensors suffer from
instabilities in the early radiation epoch. Then and focussing on late-time properties, i.e. in
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the very late radiation and matter eras and the present epoch, and motivated by the fact
that the low-energy regime at late times offers the most robust predictions in theories with
a low strong coupling scale, we have ignored the potential instabilities in the perturbative
sectors (vectors and tensors) in the early Universe, already partially explored by [37, 38]. On
the contrary we have only been interested in the late time regime with initial conditions set
at the onset of the matter dominated era. In this case there is no vector instability, growth
of structure is affected by the non-trivial parameters (µ, η,Σ) and the two tensor modes mix
leading to gravitational birefringence. The study of the latter is left for future work.
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A Perturbations
In this appendix, we present details about the perturbative degrees of freedom of the theory.
We work in the constrained vielbein formalism, explicitly using the symmetric condition (3.14)
for the equivalence with the metric formulation in the absence of matter. When matter is
present, we shall use the degrees of freedom found in what follows and couple them to matter.
The scalar-vector-tensor decomposition of the linear perturbations gives
δe0α0 = aαΦα, δe
iα
j = −aαΨαδij + aα∂i∂jUα + aα∂jV iα + aα∂iWjα + aαhijα
(A.1)
δeiα0 = −aα∂iWα + aαDiα, δe0αi = −aα∂iVα + aαCiα, (A.2)
where the spatial index of the spatial derivative is raised with δij , i.e. ∂i = δij∂j and the
index α = 1, 2. The transversality conditions are
∂iCiα = 0, ∂iD
i
α = 0, ∂iV
i
α = 0, ∂
iWiα = 0, ∂
ihjiα = 0 (A.3)
and tracelessness corresponds to
hiiα = 0. (A.4)
The metric variation
δgαi0 = aα(−bαδe0αi + δeiα0 ) (A.5)
where b1 = 1, b2 = b, involves the combinations bαVα −Wα and bαCαi −Dαi . We can always
choose one of the two sets of perturbations to be spurious. We choose Wα = 0 and D
i
α = 0.
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Similarly the metrics gαij only involve the symmetric combinations h
i
jα + h
j
iα and Viα +Wiα.
We set the antisymmetric parts to 0 and therefore hijα = h
j
iα. We also choose Wiα = Viα.
The symmetric condition (0i) implies that
V2 = bV1, Ci2 = bCi1. (A.6)
The (ij) constraint is automatically satisfied. We have now the possibility of using four
gauge transformations (3.1) ξµ = (ξ0, ξi = ξ˜i + ∂iΘ) where ∂iξ˜
i = 0. As explicitly proved in
the main text, taking ξ0 = −V 1 and Θ = −U2, one can gauge away V1 and U2, leaving only
U = U1−U2 as a scalar on top of the four Newtonian potentials. Finally taking ξ˜i = V i2 , one
can gauge away V i2 leaving only Vi = Vi1−Vi2 as a vector perturbation. Notice that this step
involves the quasi-static approximation as we neglect terms like ∂0V
i
2 which would otherwise
reappear in δei02. After this gauge fixing, we are thus left with the perturbations
δe0α0 = aαΦα, δe
iα
j = −aαΨαδij + aα∂i∂jUδα1 + αα∂{jV i}δα1 + aαhijα (A.7)
and
δe0αi = aαCiα. (A.8)
As a result, the perturbations comprise the four Newtonian potentials (Φα,Ψα), the scalar
U , the two vectors (Ci1, Vi) and the gravitons h
i
jα. In a Minkowski background where all the
Newton potentials vanish, this reduces to seven degrees of freedom as expected for a massive
graviton and one massless one, together with one divergenceless vector Vi which decouples
from pressure-less matter.
Let us consider now what happens if a different gauge choice is made and one goes beyond
the quasi-static approximation. The symmetric condition prior to any gauge choice is such
that its (0i) part leads to
W1 + bV1 = W2 + V2, D
i
1 + bC
i
1 = D
i
2 + C
i
2 (A.9)
and its (ij) part to
V i1 −W i1 = V i2 −W i2. (A.10)
It is convenient to define the two symmetric combinations
Siα =
1
2
(V iα +W
i
α) (A.11)
and the antisymmetric one
Ai =
1
2
(V i1 −W i1) =
1
2
(V i2 −W i2). (A.12)
Under a gauge transformation (0, ξ˜i + ∂iΘ), we have that
V iα → V iα −
ξ˜i
2
, W iα →W iα −
ξ˜i
2
, Diα → Diα − ∂0ξ˜i (A.13)
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and
Vα → Vα, Wα →Wα + ∂0Θ. (A.14)
The metrics δgαi0 only involve the combinations bαVα −Wα and bαCαi −Dαi . As a result the
physics only depends on two out of the four fields (Ciα, D
i
α) and (Vα,Wα) respectively. Hence
one can choose linear gauges which are linearly independent of bαVα +Wα and bαC
α
i +D
α
i
Gα = cαVα + dαWα ≡ 0 (A.15)
and
Giα = c˜αC
α
i + d˜αD
α
i ≡ ~0 (A.16)
i.e. such that cα/dα + bα 6= 0 and c˜α/d˜α + bα 6= 0. This allows one to express Wα as a
function of Vα, and D
i
α as a function of C
i
α This reduces the four variables (C
i
α, D
i
α) and
(Vα,Wα) respectively to one vector and one scalar. Similarly δg
α
ij only depends Sαi. This
allows one to set
Ai ≡ 0. (A.17)
These gauge choices transform as
Gα → Gα + dα∂0Θ (A.18)
and
Giα → Giα − d˜α∂0ξ˜i, Ai → Ai (A.19)
under the diagonal copy of diffeomorphism invariance. Under the remaining gauge transfor-
mations parameterised by ξ0, we have
V iα → V iα, W iα →W iα, Diα → Diα (A.20)
and
Vα → Vα + bαξ0, Wα →Wα. (A.21)
Therefore the gauge conditions transform as
Gα → Gα + cαbαξ0 (A.22)
and
Giα → Giα, Ai → Ai. (A.23)
In general fixing the gauge arbitrarily leaves no residual gauge symmetry. Therefore one finds
that there is one degree of freedom left amongst (Ciα, D
i
α) and (Vα,Wα) respectively, say C
i
1
and V1. The two vectors V
i
α = W
i
α are also present. We are thus left with seven scalars
(Ψα,Φα, Uα, V1), three vectors, C
i
1 and V
i
α = W
i
α, and two tensors.
This is not a clever choice as two different gauge choices allow one to reduce the number
of degrees of freedom further. The first one corresponds to dα = d˜α = 0 which preserves gauge
invariance parameterised by (Θ, ξ˜i) and breaks the one given by ξ0. Choosing ∂0ξ˜
i = Di1 = D
i
2
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and ∂0Θ = −W1 = −W2 now that V1 = V2 = 0 and Ci1 = Ci2 = 0, we find that all
the fields (Ciα, D
i
α) and (Vα,Wα) are projected away. We are thus left with six scalars
(Ψα,Φα, Uα), two vectors V
i
α and two tensors. Another choice corresponds to cα = c˜α = 0
which breaks the gauge invariance parameterised by (Θ, ξ˜i) and preserves the one given by
ξ0. Choosing ξ0 = −V1 allows one to remove one scalar. The remaining fields are the six
scalars (Ψα,Φα, Uα), three vectors C
i
1 and V
i
α and two tensors.
In the quasi-static approximation where ∂0Θ ∼ 0 and ∂0ξ˜i ∼ 0 and choosing the gauge
cα = c˜α = 0, we retrieve the gauge freedom parameterised by (Θ, ξ˜
i) which allows one
to reduce the number of degrees of freedom, in particular one can gauge away the vector
V i2 and the extra scalar U2. Hence in the quasi-static approximation the minimal number
of degrees of freedom comprises five scalars (Ψα,Φα, U), two vectors C
i
1 and V
i, and two
tensors. This shows that the number of degrees of freedom and their dynamics simplify
drastically in the quasi-static approximation. In particular this demonstrates that the quasi-
static approximation allows one to remove one scalar degree of freedom.
In conclusion, we find that in a general time-dependent situation, by choosing the gauge
condition where dα = d˜α = 0, the spectrum of cosmological perturbations reduces to six
scalars (Ψα,Φα, Uα), two vectors V
i
α and two tensors. In a Minkowski background with static
sources, such as stars with small Newtonian potentials, the fields are static with no time
dependence. In this case, the quasi-static results apply and one can reduce the number of
degrees of freedom to five scalars (Ψα,Φα, U), two vectors C
i
1 and V
i and two tensors. In
the absence of external static sources the Newtonian potentials vanish, V i decouples from
pressure-less matter and one is manifestly left with two gravitons, one massless and another
massive one as expected in bigravity.
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